Introduction
The buckling strength is one of the major requirements for hydraulic cylinders. Equation of buckling as an elastic instability of structures defined by Leonhard Euler in 1744 is still widely used in engineering practice. Well suitable for the linearly elastic slender structures, Euler's method demonstrated incapability to predict critical loads for structures of smaller slenderness with non-linear behaviour of material and/or imperfections of geometry and load. Various theoretical and experiment based empirical methods were developed to overcame deficiencies of Euler's method.
The article gives a short review of some recent problems considered in a critical load evaluation for the hydraulic actuators. There are also some engineering methods presented that are used in the industry of production of the hydraulic cylinders. However, the present day engineers are mastering the CAD/CAE applications and are willing to use it in the design and evaluation of the components. Therefore, the article is aiming to present an efficient finite element models for the critical buckling load calculation and compare it to the existing techniques used in practice of the design of hydraulic cylinders.
Overview of some buckling strength evaluation methods of hydraulic cylinders

Analytical research models
Recent developments in estimation of buckling load capacity for hydraulic cylinders pay attension to details often neglected by industry designers, such as a friction at suppors, imperfections coused by the misalignements at the junction of cylinder and road, wear of materials at the junction, pressure in the cylinder etc. Gamez-Montero at al [1, 2] developed a mathematical model acounting friction moments (M1, M2) at supports and misalignment effects (Y0c), schematicaly presented in Fig. 1 , b. Tomski and Uzny [3] presented mathematical model of hydraulic cylinder for analysis of stability and free vibrations taking in to acount the rotational rigidity (C0, C1,) at the pinned ends and translational rigidity (C) at the rod end. The model also acounted the lengths of cylinder (L11), road (L22) and overlaping part (L12) (Fig. 1, c) . Similar model was used by Uzny for elasticly fixed hydraulic cylinder, not considering the stifnes C [4] .
Numerical and analytical modeling of hydrocylinder taking in to account friction at suppors, misalignement in cylinder and rod junction and wear of sealing rings most recently was presented by S. Baragetti, and F. Villa [5] . 
Industry specifications
To select a hydraulic cylinder with the required stroke length, customers are ofered to use a prepared charts or tables [6, 7] . However, some companies also provide methods, ilustrating how the buckling strength of the cylinder was calculated. E. g., technical specifications of hydraulic cyliders produced by Bosch Rexroth AG [7] include description of buckling (kinking) calculations. These calculations are based on Euler equation 
here Re is a yield strength of the piston rod material. The safety factor n = 3.5 is used. The admissible stroke length according to Bosch Rexroth also depend on the position of hydraulic cylinder instalation. Shorter strokes are alloved for horizontally installed actuators comparing to vertically installed. The allowed stroke lenghts are presented in a tabular form [7] . Therefore, it could be noted, that the above method takes in to the account only the diameter of piston rod. This approach is very simple and easy to use in engineering practice. The models, where the hydraulic cylinder is presented only by a piston rod cross-section, will be named as RD (rod diameter) models in the further text. The DNV-GL class guideline for hydraulic cylinders [8] and DNV standard for certification of hydraulic cylinders [9] provide a buckling calculation method where the bucling load
Here L is a total length of the hydraulic cylinder between mountings in fully extracted position and Z is a parameter dependent on moments of inertia of the cylinder tube (I1) and piston rod (I2), length of the cylinder tube part (L1) and length of the piston rod (L1) in a fully extracted position:
The acceptance criteria (safety factor) is PE/Pa ≥ 4, where Pa is an actual maximal load. Therefore, this method accounts the diameter and stroke length of the piston rod as well as the cross-section and length of the cylinder tube. The models of this kind will be caled as TRD (tube and rod diameter) models in this article.
Finite element analysis procedures
Two types of finite element buckling analysis were used in this reseach: a linear analysis based on eigenvalue solution and nonlinear analysis based on nonlinear static solution including material and geometry nonlinearity.
A linear buckling problem is formulated as an eigenvalue problem [10] :
where [K] is a stiffness matrix [S] is a stress stiffness matrix, λi is an i-th eigenvalue used to multiply the loads that generate [S] and ψi is an i-th eigenvector of displacements. The initial [S0] is calculated solving static pre-buckling load {P0} problem. Then, the critical load {Pcr} = λi {P0}. Therefore, λi serves as a multiplication factor for the initial load to calculate the critical one. A nonlinear buckling analysis was performed gradually increasig the axial force P. The critical load was (Fig. 2 ). An initial imperfection needed to triger the buckling of the structure was created as a misalignamet of a tube and rod junction according to the scheme in Fig. 1, b ; Y0c = 2 mm. A constant gravity load aplied on the horizontally mounted hydraulic cylinder also contributed to the misalignement of structure.
Initial data and assumptions
For all analysis cases the ideal pin-ended suports were assumed, therefore, the friction in the supports, as well as stifness, were neglected (M1 = M2 = 0; C0 = C1 = 0 and C = ∞ in the schemes Fig. 1, b and c) . mm. The buckling forces Pcr and stresses cr were calculated for RD and TRD models in a range of slenderness ratio from 30 to 130. To achieve this range of slenderness ratio, the overall length of the hydraulic cylinder L was from 710 to 3245 mm. The length of the tube L1 for the TRD model was in a range from 350 to 1600 mm and the ratio L1/L2 was kept constant (0.9726) i. e. the range of the rod length L2 was from 360 to 1645 mm.
For the linear finite element analysis, the RD and TRD models were created (Fig. 3 -Fig. 5 ). BEAM189 element type of the ANSYS software was selected for the piston rod and PIPE289 element type for the cylinder tube. The nonlinear analysis was performed only for the TRD models.
Results and discussion
The buckling stresses cr = Pcr/A2 for the investi- The buckling stresses of the finite element linear analysis of the TRD model are presented by the curve 3. For this curve the effective slenderness ratio was calculated using Eq. (6). This equation for the overall effective slenderness ratio of two-staged column was derived by Sugiyama and Ohtomo [11] (later presented in English in [12] )
Here A1 is an area of cross-section of the cylinder tube. To calculate , the buckling force Pcr was extracted from the TRD linear finite element analysis results.
The nonlinear finite element analysis results of the TRD model are shown by square dots and noted by number 4. These results are presented addressing the slenderness ratio of Eq. (6) . Although the model included the gravity load, three cases were calculated not considering this load (x dots and number 4') for comparison. No significant influence of the self-weight on the buckling stress was noticed. The other popular way to calculate buckling stresses in a range of small slenderness ratios is a formula proposed by J. B. Johnson which can be written in a form:
Here f usually is assumed equal to materials compressive yield stress. The dashed curve 5 ( Fig. 6 ) was calculated by Eq. (7) assuming f = Re = 369 MPa. However, a better fit to the nonlinear finite element analysis results was obtained, when f was assumed equal to the same empirical coefficient 335 as in Tetmajers Eq. (2). These results are presented by a doted curve 5'. Buckling stress results presented in Fig. 6 show that the simple engineering method employing Eqs. (1) and (2) (together with the safety factor 3.5) is reasonable. However, there is a critical range of slenderness ratio between 60 and 100 where the mentioned results have a large deviation from the nonlinear finite element analysis results. The maximum difference at  = 85 was 29 % (see Table 1 for the other results in the mentioned range).
Conclusions
The BEAM type finite element models were proposed for the hydraulic cylinder buckling force and stress calculation.
The TRD model for nonlinear buckling analysis allows to capture the realistic buckling behaviour at the most critical range of slenderness ratio (80…90 for the investigated structure) where the other methods give an error from 9 to 29 %. This model also demonstrated that the self-weight of the structure had a negligible effect on critical buckling load. The model consisted of 18 finite elements (Fig. 4) and computational time was within a few minutes, event if detail procedures were employed for searching of convergence.
The linear analysis of TRD model, based on eigenvalue solution, together with the slenderness correction by Eq. (6) iproved the results of Eulers Eq. (1) for RD model by 6…9 % and is proposed to use for the hydraulic cylinders when  > 90.
